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The Derived Category of Coherent Sheaves and B-model Topological
String Theory
Stephen Pietromonaco
Abstract This elementary survey article was prepared for a talk at the 2016 Superschool on Derived Categories and
D-branes. The goal is to outline an identification of the bounded derived category of coherent sheaves on a Calabi-Yau
threefoldwith theD-brane category in B-model topological string theory.Thiswas originally conjecturedbyKontsevich
[1]. We begin by briefly introducing topological closed string theory to acquaint the reader with the basics of the
non-linear sigma model. With the inclusion of open strings, we must specify boundary conditions for the endpoints;
these are what we call D-branes. After briefly summarizing the necessary homological algebra and sheaf cohomology,
we argue that one should think of a D-brane as a complex of coherent sheaves, and provide a physical motivation to
identify complexes up to homotopy.Finally,we argue that renormalizationgroup (RG) flow on theworldsheet provides a
physical realization of quasi-isomorphism.This identifies a stable object in the derived categorywith a universality class
of D-branes in physics. I aim for this article to be an approachable introduction to the subject for both mathematicians
and physicists. As such, it is far from a complete account. The material is based largely on lecture notes of E. Sharpe
[2] as well as the paper [3] of P. Aspinwall.
1 Topological Closed String Theories
The starting point for closed string topological string theories is the non-linear sigma model which studies maps φ :
Σ → X , where Σ is a compact, oriented Riemann surface called the ‘worldsheet’ and we take X to be a Calabi-Yau
threefold, called the ‘target space.’ If only closed strings are present, Σ is taken to be without boundary. We can take
local complex coordinates (z, z¯) on Σ , and wi = φ i(z, z¯) on X . We have a Ka¨hler metric gi j¯, as well as an anti-symmetric
B-field Bi j¯ on X . Of course, the indices here correspond to tensor components in the complex coordinates w
i.
The theory becomes topological after performing one of two possible twists. In what sense is the theory topological?
Such a non-linear sigma model is a two-dimensional quantum field theory defined on the fixed Riemann surface Σ .
Therefore, to say the twisted theory is topological is to say there exists a subsector of operators such that the correlation
functions are independent of the metric on the worldsheet. It is crucial to not confuse the metric on the worldsheet with
the metric on the target Calabi-Yau. I will review the two topologically twisted models which Witten [4] called the A
and B models. The A-model will depend only on the Ka¨hler structure on X while the B-model will depend only on the
complex structure. So there will indeed be partial dependence on the target space metric, the exact form of which will
depend on the model under consideration. In addition, I will define a BRST operatorQ (this operator will be different in
the A and B models). The physical observables of the topological subsector will consist of products of local operators,
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each of which is invariant under the BRST operator Q. By convention, we denote the target space by Y in the A-model
and as X in the B-model.
Let TX be the complexified tangent bundle of X , which can be decomposed as TX = T
(1,0)
X ⊕T (0,1)X . The fermions in
the theory require a choice of square-root bundles K1/2 and K
1/2
, where K and K are the canonical and anti-canonical
bundles on Σ , respectively. The non-linear sigma model action is given by: (equation (2.4) in [4])
S =
∫
Σ
d2z
(
1
2
gi j∂zφ
i∂z¯φ
j +
i
2
Bi j∂zφ
i∂z¯φ
j + iψ i¯−Dzψ
i
−gii¯ + iψ
i¯
+Dz¯ψ
i
+gi¯i +Rii¯ j j¯ψ
i
+ψ
i¯
+ψ
j
−ψ
j¯
−
)
, (1)
whereRii¯ j j¯ is the Riemann tensor on X ,Dz is the ∂ operator onK
1/2⊗φ∗T (1,0)X , arising by pulling back the holomorphic
part of the Levi-Civita connection on TX . Likewise, Dz¯ is the ∂ operator on K
1/2⊗ φ∗T (1,0)X . The fermion fields are
sections of the following bundles,
ψ i+ ∈ Γ
(
K1/2⊗φ∗T (1,0)X
)
, ψ i¯+ ∈ Γ
(
K1/2⊗φ∗T (0,1)X
)
,
ψ i− ∈ Γ
(
K
1/2⊗φ∗T (1,0)X
)
, ψ i¯− ∈ Γ
(
K
1/2⊗φ∗T (0,1)X
)
.
(2)
The sigma model action above is really a worldsheet action; the integral is over two-forms on Σ . Therefore, all of the
structures described above need to be pulled back to Σ via φ , which implies that the pullback of the metric, the B-field,
and the connection will all inherit φ dependence. As mentioned, ψ i±, ψ
j¯
± are the fermionic fields and the bosonic fields
are the local coordinates φ i and φ j¯ .1
The supersymmetry (SUSY) transformationsare generated by the four infinitesimal fermionicparametersα+, α˜+,α−, α˜−.
The first two are anti-holomorphic sections of K
−1/2
and the latter two are holomorphic sections of K−1/2. We refer
the reader to equation (2.5) in [4] for the full form of the supersymmetry transformations. Since we have four SUSY
parameters, two of each chirality, we say the resulting theory has “worldsheet N = (2,2) supersymmetry.”
1.1 Closed String A-Model
Let Y be the Calabi-Yau target space in the A-model. We consider here a restricted symmetry such that α˜− = α+ = 0
and α = α− = α˜+. In other words, we have only one SUSY parameter which we call α . We now perform the first of
two possible topological twists to construct the A-model topological string theory. Consider the field χ ∈ Γ (φ∗TX)
which projects into φ∗T (1,0)X as χ
i = ψ i+ and into φ
∗T (0,1)X as χ
i¯ = ψ i¯−. We regard ψ i¯+ as a (1,0) form on Σ valued in
φ∗T (0,1)X and following [4], denote it as ψ
i¯
z. Likewise, ψ
i− is a (0,1) form valued in φ∗T
(1,0)
X , denoted ψ
i
z¯. The A-model
SUSY transformations are
1 Having the bosonic fields correspond to the local coordinates on a Riemannian manifold is an idea originating in ‘supersymmetric quantum
mechanics.’
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δφ i = iαχ i
δφ i¯ = iαχ i¯
δ χ i = δ χ i¯ = 0
δψ i¯z =−α∂zφ i¯− iαχ j¯Γ i¯j¯m¯ψ m¯z
δψ iz¯ =−α∂z¯φ i− iαχ jΓ ijmψmz¯
(3)
where Γ ijm is the holomorphic part of the Levi-Civita connection on the complexified tangent bundle and Γ
i¯
j¯m¯
is the
anti-holomorphic part. Corresponding to the single SUSY parameter α , we define the operator Q to be its generator.
As such, the variation of any local operatorW under a SUSY transformation with parameter α , is given by
δW =−iα{Q,W}. (4)
One can show from the action that Q2 = 0, on-shell. This means that though there may be non-zero terms equated to
Q2, they will vanish if the equations of motion are satisfied. Thus, we have a nilpotent operator Q which is commonly
referred to as a BRST operator. With this in hand, we can rewrite the sigma model action as,
S =
∫
Σ
i{Q,V}− 2pi i
∫
Σ
φ∗(B+ iJ), (5)
where V = 2pigi j¯(ψ
j¯
z ∂¯ φ i + ∂φ j¯ψ iz¯) and B+ iJ ∈ H2(Y,C) is the complexified Ka¨hler form. Given an operator W , we
sayW is Q-closed if {Q,W}= 0 and we say it is Q-exact ifW = {Q,W ′}, for some operatorW ′. We also call a Q-closed
operator ‘BRST invariant.’ We will take it as a fact that a correlation function of a Q-exact operator must vanish
〈{Q,W1W2 . . .}〉= 0. (6)
Let us assume that W2,W3, . . . are Q-closed operators, and consider the correlation function 〈{Q,W1W2 . . .}〉 for any
operator W1. By the fact cited above, this correlation function vanishes. Moreover, since Q behaves like a differential,
we can apply Leibniz’ rule to get
0= 〈{Q,W1W2 . . .}〉= 〈W1{Q,W2W3 . . .}〉+ 〈{Q,W1}W2W3 . . .〉. (7)
Since W2,W3, . . . are Q-closed operators, the term 〈W1{Q,W2W3 . . .}〉 will vanish when expanded using Leibniz’ rule.
All that remains is the correlation function 〈{Q,W1}W2W3 . . .〉 involving one Q-exact operator and the rest, Q-closed.
Since the original correlation function vanished, clearly this one must too. Therefore, the presence of even one Q-exact
operator annihilates the correlation function. In the topological subsector, the physical observables are products of local
operators, all of which are Q-closed (i.e. BRST invariant).
We note that a shift in the action by a Q-exact operator S → S + ∫Σ{Q,S′} will leave all correlation functions
invariant. In the sigma model action, the only place the complex structure of Y appears is in the term V . If we deform
the complex structureV →V + δV , this leads to a deformation of the action S → S+ ∫Σ{Q,δV}, which will leave all
physical observables invariant. Thus, it appears that the A-model topological field theory is independent of the complex
structure onY . Clearly, it explicitly depends on the Ka¨hler structure on the target space, through the term 2pi i
∫
Σ (B+ iJ).
By the SUSY transformations (3) we have δ χ i = δ χ i¯ = 0, where χ i and χ i¯ are the fermionic superpartners of φi
and φ i¯, respectively. This means the operators χ i and χ i¯ are Q-closed. Thus, we have a basis of local BRST invariant
operators on Σ , which we can use to write a general operator as
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Wa = aI1···Ip χ
I1 · · ·χ Ip , (8)
where here the capital Iq denotes unbarred indices, and
a = aI1···Ip dφ
I1 · · ·dφ Ip , (9)
is a p-form on Y . By computing the variation of the operator Wa, we find that {Q,Wa} = −Wda, with an important
conclusion:
A local operatorWa is Q-closed (BRST invariant) if and only if da= 0. In other words, we can identify the
Q-cohomology in the A-model with the de Rham cohomologyH∗(Y,C) on the target space. Notice this is
consistent with the A-model being independent of the complex structure on Y .
A correlation function in the closed string A-model is given by the following path integral,
〈WaWb · · · 〉=
∫
DφDψDχe−SWaWb · · · . (10)
Here, we will focus just on the bosonic map φ : Σ → Y . It turns out that in the topological sector, we want to restrict
to maps such that the term {Q,V} in the action vanishes. Looking at the form of V , we see that we must insist ∂¯ φ i =
∂φ i¯ = 0, i.e. φ is a holomorphic map. So instead of performing the path integral over all maps, we localize to only
the holomorphic ones. In this context, such a holomorphic map is called a worldsheet instanton. We can consider the
degree-d worldsheet instantons and their moduli space Md . For example, a degree-0 map simply sends all of Σ to a
point in Y , implying M0 = Y . We get the following reduction of the path integral
∫
DφDψDχ −→∑
d
∫
Md
(Dφ)d
∫
DψDχ . (11)
Since the relevant space of operators in the A-model is identified with the de Rham cohomology H∗(Y,C), there is
a natural grading by the degree of the forms. In physics, this is called the ghost number, meaning if a ∈H p(Y,C), then
the operatorWa is said to have ghost number p. One should imagine the worldsheet instantons to be “wrapped” on the
two-cycles in Y . Roughly speaking, this explains the dependence of the A-model on the Ka¨hler structure of Y , as the
Ka¨hler classes control relative volumes of the two-cycles. As noted above, the A-model is independent of the complex
structure.
1.2 Closed String B-Model
If we perform the opposite twist we get the closed string B-model where certain fields are simply sections of different
bundles over Σ . For purposes of anomaly cancellation, we will take c1(X) = 0, i.e. take the target space to be Calabi-
Yau. Define the following combinations of the fermionic fields, η j¯ = ψ
j¯
++ψ
j¯
−, and θ j = g jk¯(ψ
k¯
+−ψ k¯−) where now the
fermionic fields are sections of the following bundles
ψ i¯± ∈ Γ
(
φ∗T (0,1)X
)
, ψ i+ ∈ Γ
(
K⊗φ∗T (1,0)X
)
, ψ i− ∈ Γ
(
K⊗φ∗T (1,0)X
)
. (12)
Let ρ i be a one-form on Σ valued in φ∗T (1,0)X whose (1,0) part is ψ
i
+ and (0,1) part is ψ
i−. The B-model SUSY
transformations are,
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δφ i = 0
δφ i¯ = iαη i¯
δη i¯ = δθi = 0
δρ i =−αdφ i.
(13)
The physical local observables are again given by products of BRST invariant fields,
WA = A
j1... jp
k¯1...k¯q
η k¯1 . . .η k¯q θ j1 . . .θ jp . (14)
Clearly, such an object is a (0,q)-form, valued in the bundle
∧p T (1,0)X . Analogously to the A-model, we find that
{Q,WA}=−W∂¯A. (15)
In other words, in the B-model the Q-cohomology is the Dolbeault cohomology on the target space
H0,q(X,
∧p
T
(1,0)
X ), with forms valued in an exterior power of the holomorphic tangent bundle.
Also, like the A-model, the path integral localizes to only certain maps φ , but in this case the condition is that
∂¯ φ k¯ = ∂φ k¯ = 0. This can only be satisfied if φ is a constant map from the worldsheet into X . Clearly, the moduli space
of such maps is simply M0 = X . The upshot of this is that physical observables in the B-model are given simply by
ordinary integrals over the target space. These are essentially the period integrals over the non-vanishing holomorphic
(3,0)-form Ω . When considering mirror symmetry, people often say something like, “a hard computation on one side
can be converted to a trivial computation on the other side.” This idea applies here: on the A-side, correlation functions
require a sum of integrals over non-trivialmoduli spaces, while on the B-side, the computation reduces to simply period
integrals. These period integrals are indicative of the dependence of the B-model on the complex structure of X as well
as the independence of the Ka¨hler structure.
1.3 Topological Field Theory vs. Topological String Theory?
It is a good time to rectify a common confusion between topological field theories and topological string theories.
Simply put, we take a topological field theory to be a field theory such that there exists a subsector where the correlation
functions are independent of the metric on the spacetime; in our case, the string worldsheet. The correlation functions
are then given by a path integral over the bosonic fields φ i as well as the fermionic fields, described in the previous
section. However, we only implicitly mention a fixed metric hαβ on the string worksheet Σ itself. We certainly do not
allow for dynamics of hαβ , as it is not summed over in the path integral. Topological string theory arises from including
the worldsheet metric as a dynamical field, which we include in the path integral prescription for correlation functions.
We describe this as “coupling a topological field theory to worldsheet gravity.” Thus, our correlation functions now
involve a sum over the genus g of Σ , as well as an integral over the moduli space of complex structures on Σ . This
should come as no surprise, since string theory is a theory of quantum gravity. Indeed, quantum gravity is by definition
a quantum field theory where the metric on spacetime (in this case, the worldsheet) is dynamical and included in the
path integral. The mathematically rigorous foundation of topological string theory is known as Gromov-Witten theory.
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2 The Open String B-Model
With the closed string theory in hand, we now endeavor to include open strings in the theory. This simply amounts
to allowing the worldsheet Σ to have a boundary, denoted ∂Σ . These worldsheet boundaries have the interpretation of
open string endpoints. Under the map φ : Σ → X , the image of ∂Σ is required to live on certain special submanifolds of
X called D-branes. One should interpret the D-branes as providing boundary conditions on the open string endpoints:
the endpoints are forced to lie on the D-brane (Dirichlet boundary conditions), while they are allowed to move freely
within the D-brane itself (Neumann boundary conditions). In more physical language, we say that D-branes are non-
perturbative solutions of an effective field theory. Interestingly enough, these non-perturbative solutions were actually
expected for quite a long time. However, the true magic of their discovery [5] is that they allow for a two-dimensional
analysis, via the open string worldsheet. This was quite exciting and unexpected. In other words, we expected some
non-perturbative solutions to exist, but had no idea these objects would support open string endpoints.
We should immediately exorcise any confusions about the distinction between boundaries of Σ and punctures in
Σ . With worldsheets involving only closed strings, the strings themselves are represented by “loops” stretching out to
the infinite past or future. Using the conformal invariance of the worldsheet theory, we can map these to simply point-
like punctures on the surface of Σ . In the path integral prescription, these punctures are superficially filled in to give a
compact Riemann surface, at the expense of inserting a vertex operator at that point, representing the closed string state.
Genuine boundaries of Σ are different, however. A boundary component of Σ is superficially partitioned by punctures.
These punctures represent open string states stretching out to the infinite past or future, while the remaining segments
of the boundary component are precisely what we think of as the open string endpoints “moving in time.”
Let X be a Calabi-Yau threefold. To the roughest approximation, a Dp-brane in the context of topological string the-
ory is a real p-dimensional submanifold of X , i.e. a representative of a class in Hp(X ,Z). The convention in topological
string theory is that a Dp-brane has p real, spatial dimensions in the Calabi-Yau and any number of dimensions in the
non-compact spacetime.
A D-brane however, is much more than just a submanifold. As introduced above, D-branes support open string
endpoints. Hence, these open string endpoints appear as “particle worldlines” in the (p+1)-dimensional worldvolume
of the Dp-brane. Indeed there are good physical reasons to interpret this as the D-brane giving rise to a quantum
field theory or gauge theory on its worldvolume. In the context of topological strings, we ignore the time direction
and consider a gauge theory on simply the p-dimensional subspace of X . In a gauge theory on a spacetime Z, the
physical fields are connections on, or sections of a vector bundle associated to a principal bundle defined on Z. Since
the endpoints of open strings appear as gauge-theoretic particles in the D-brane, we are inclined to consider a D-brane
as a submanifold along with a vector bundle supported on it. In the B-model, the objects are holomorphic, so we take
the bundles to be holomorphic. Therefore as a first pass, we make the following naı¨ve definition of a D-brane:
Naı¨ve Definition 1 A single Dp-brane in the B-model topological string theory, for p= 0,2,4,6 is a complex dimension
p/2 holomorphic submanifold Z of a Calabi-Yau threefold X along with a holomorphic line bundle L → Z.
It will soon become apparent that a stack of multiple D-branes will correspond to certain stable higher rank bundles.
We would like to build the category of B-model D-branes such that the objects are defined on the ambient Calabi-Yau
X . Under the natural inclusion Z →֒ X we can pushforward holomorphic vector bundles to sheaves on X . Clearly such
a pushforward is not a holomorphic vector bundle on X : vector bundles always have sections on small enough open
sets, whereas this pushforward has no sections on any open set outside Z. We must broaden our consideration from
merely the geometrical category of holomorphic vector bundles to the algebraic or sheaf-theoretic category of coherent
sheaves. As we will see later, we actually must further enlarge our category. We will be compelled to understand B-
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model D-branes as complexes of coherent sheaves, modulo various equivalences. To explain these ideas we introduce
now some of the required algebraic geometry.
2.1 Coherent Sheaves and D-branes
For some of the foundational algebraic geometry to follow, I refer the reader to [6, 7]. Let X be a compact, smooth
complexmanifold, or more generally a scheme, with OX its structure sheaf of regular functions.We begin by defining a
sheaf-theoretic generalization of the notion of a module over a ring. This is known as an OX -module, and is the largest
category of sheaves we will need to consider. It contains as subcategories the coherent sheaves and locally-free sheaves,
which we will introduce shortly.
Definition 1 For E a sheaf on X , we say E is anOX -module, if for all open setsU ⊆ X , the sections E (U) constitute an
OX (U)-module. In addition, the restriction morphisms must be compatible with the module structure, in the following
sense: consider nested open setsV ⊆U and define sections f ∈OX(U), s ∈ E (U). We require that ( f · s)|V = f |V · s|V ,
where we denote the restriction morphism as the familiar function restriction.
Notice that OX -modules are a generalization of modules over a ring. The intrinsic geometry of X gives rise to the
structure sheafOX which naturally assigns a ringOX(U) to each open set. It is precisely this ring of local functionswhich
provides the multiplication, turning E (U) into an OX (U)-module. Hence, an OX -module is really a sheaf of modules.
The OX -modules constitute an abelian category. This should come as no surprise given that abelian categories are in
some sense modeled on the category of modules over a ring.
Trivially,OX itself is an OX -module. More generally,O
⊕N
X is an OX -module called ‘the free OX -module of rank N.’
A particularly refined subcategory of OX -modules is those which look locally like O
⊕N
X for some N. This leads to the
following definition, which will allow us to identify certain special OX -modules with holomorphic vector bundles.
Definition 2 A sheaf E on X is called locally-free of rank N if there exists an open cover {Uα} of X such that E (Uα)∼=
OX (Uα)
⊕N .
One can show that locally-free sheaves of rank N form a category. Given that vector bundles trivialize over special
open sets, locally-free sheaves seem to correspond exactly to holomorphic vector bundles. The correspondence is made
precise by the following Proposition.
Proposition 1 There exists a one-to-one correspondence between holomorphic vector bundles of rank N on X and
locally-free sheaves of rank N on X .
Proof. The proof here is very elementary, and we only sketch it. Given a holomorphic vector bundle E on X , for all
open sets U , define E (U) to be the sections of the vector bundle over U . Since the vector bundle must trivialize, this
resulting sheaf will of course be locally-free. Conversely, given a locally-free sheaf E , using the given isomorphism
E (Uα)≃OX (Uα)⊕N , we can define holomorphic transition functions, which will produce a holomorphic vector bundle
E .
Given holomorphic vector bundles E and F , we will usually denote their corresponding locally-free sheaves by E and
F , respectively.
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D6-branes and Locally-free Sheaves
In topological string theory on a Calabi-Yau threefold X , when we talk about “space-filling branes” we mean a D6-
brane whose underlying homology class is a multiple of the fundamental class of X . Quite simply, D6-branes are in
one-to-one correspondencewith locally-free sheaves on X . This provides a translation between a precise mathematical
notion and a phrase appearing frequently in the physics literature:
A stack ofN D6-branes wrapping a Calabi-Yau threefoldX corresponds to a rankN locally-free sheaf onX .
On a D6-brane, we specify purely Neumann boundary conditions, which allow the open string endpoint to move freely
within X . This choice corresponds to the constraint
θ j = g jk¯(ψ
k¯
+−ψ k¯−) = 0. (16)
Like we saw in the brief analysis of the closed stringB-model, the BRST operatorQ is taken to be the Dolbeault operator
∂¯ , and we only take our local operators on the worldsheet to consist of Q-closed local operators. Recalling the SUSY
transformations (13), these are precisely θ j and η
j¯. But the space-filling condition forces the θ j to vanish, so our local
operators will only depend on η j¯, and of course φ . Thus, since j¯ is an anti-holomorphic index, we conclude that our
local operators must be (0,q)-forms, possibly valued in some bundle.
Let us attempt to construct a well-defined D-brane category, assuming at first that the only objects are D6-branes. By
the above correspondence, the objects are simply given by a bundle E → X . To give a pair of objects, is to give a pair of
bundles on X , E1 → X and E2 → X . Since these are bundles over the same base manifold, we can define Hom(E1,E2)
to be the bundle morphisms between them. It will be useful to note here that Hom(E1,E2)≃ E∗1 ⊗E2 is itself a vector
bundle with fiber defined as Hom(E1,E2)(x) = Hom(E1(x),E2(x)), for all x ∈ X .
We then take our local operators representing an open string state to be WA, where A is a (0,q)-form valued in the
bundle Hom(E1,E2). Therefore, it is natural to define the morphisms from E1 → X to E2 → X (equivalently the open
string states stretching from one D6-brane to the other), to be the Dolbeault cohomology group
H
0,q
∂¯
(
X ,Hom(E1,E2)
)
.
And by the familiar Cˇech-Dolbealt isomorphism, the Dolbeault cohomology group above is isomorphic to Cˇech coho-
mology
H
0,q
∂¯
(
X ,Hom(E1,E2)
)≃ Hˇq(X ,H om(E1,E2)), (17)
where E1 and E2 are the locally-free sheaves corresponding to the vector bundlesE1 and E2. In the B-model, specifically
in the case of space-filling branes, we can unambiguously assign a ‘ghost number’ q to an open string. We will see that
this will be less clean when considering branes of non-zero codimension.
As a simple example, we can compute a three-point correlator of open string states [3]. Consider three D6-branes
corresponding to holomorphic vector bundles E1, E2, and E3. Let us call the three local operators WA, WB, and WC,
where
A ∈ H0,1
∂¯
(
X ,Hom(E1,E2)
)
, B ∈H0,1
∂¯
(
X ,Hom(E2,E3)
)
, C ∈ H0,1
∂¯
(
X ,Hom(E3,E1)
)
. (18)
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Recall that in the B-model, since instantons are suppressed, the correlation functions are given simply by integrals over
X . Indeed, the path integrals in the topological sector include only contributions from the moduli space M0 of degree
zero harmonic maps into X . But of course, these are simply constant maps, and M0 = X . This implies,
〈WAWBWC〉=
∫
X
Tr(A∧B∧C)∧Ω . (19)
The ‘integrand’ is a (3,3)-form, which is natural to integrate over a threefold. Of course, when wedging forms valued
in the bundle Hom(Ei,E j), we implicitly compose the morphisms.
The Mukai Vector and D-brane Charges
We have seen that when considering only D6-branes on a threefold, it sufficed to model them as objects in the category
of locally-free sheaves. The goal of this section is to gently acquaint the reader with some of the more general coherent
sheaves needed to formalize D4, D2, and D0-branes. For a rigorous definition of coherent sheaves, see [6]. For my
purposes, it will suffice to think very roughly of coherent sheaves as the minimal, full abelian category arising as the
“completion” of the category of locally-free sheaves upon adding all kernels and cokernels.
Naı¨ve Definition 2 In the B-model topological string on a Calabi-Yau threefold X , a D-brane corresponds to a stable2
coherent sheaf F on X . The support of the sheaf supp(F ) defines the underlying homology class of the D-brane.
Branes need not be pure dimensional. For example, a coherent sheaf F can be supported on curves and points. We
interpret such an F as a bound state of D0-D2 branes. Such brane configurations occur, for example, in Donaldson-
Thomas theory. A helpful device for guiding intuition here is theMukai vector or equivalently, the D-brane charges [8]
associated to a coherent sheaf.
Definition 3 Let X be a smooth n-dimensional variety and let F be a coherent sheaf on X . The Mukai vector is defined
to be
v(F ) = ch(F )
√
td(X) = (v0, . . . ,vn) ∈ H2∗(X ,Q). (20)
If X is also projective, then the D-brane charge is given simply by the Poincare´ dual of the Mukai vector3
Q(F ) = PD
(
ch(F )
√
td(X)
) ∈H2∗(X ,Q). (21)
By convention, we order the charges as Q(F ) = (Qn, . . . ,Q0), where Qi ∈ H2i(X ,Q) is called the D2i-charge.
Recall that based on the naı¨ve definition, we concluded that the coherent sheaves which most directly correspond
to physical D-branes are pushforwards of holomorphic vector bundles along inclusions.4 Let X be an n-dimensional
smooth, projective variety and let ι : Z →֒ X be the inclusion of the m-dimensional subvariety Z into X . In addition, let
E be a rank N holomorphic vector bundle on Z.
Lemma 1 Given X , Z, and E as described above, we have
2 One can use either slope stability or Gieseker stability, but I will omit discussions of stability here.
3 In [9], the authors introduce ‘gamma classes’ which encode corrections to the factor of
√
tdX .
4 This is not quite true. Due to a phenomenon related to the Freed-Witten anomaly, one must also tensor by K
−1/2
Z where KZ is the canonical
bundle of Z. There is a nice discussion of this in [2, 3].
9
chk(ι∗E) = 0, for all k < n−m,
PD
(
chn−m(ι∗E)
)
= N[Z] ∈ H2m(X ,Q).
(22)
Proof. This is a straightforward computation which can be found, for example, in [10].
This simple result about the Chern character of pushforwards of vector bundles, immediately implies the following
corollary about the D-brane charges.
Corollary 1 Again given X , Z, and E as above, the D-brane charges satisfy
Qk(ι∗E) = 0, for all k > n−m,
Qm(ι∗E) = N[Z] ∈ H2m(X ,Q).
(23)
Proof. Using the Lemma, it follows that
(
ch(ι∗E)
√
td(X)
)
k
= 0 for all k < n−m. Poincare´ dualizing, this shows that
all entires in the D-brane charge vanish for k > n−m, thus proving the first claim. Note that (√td(X))
0
= 1, and so
(
ch(ι∗E)
√
td(X)
)
n−m = chn−m(ι∗E). (24)
By Poincare´ dualizing and applying the Lemma once more, the second claim follows.
This corollary provides a precise mathematical translation of a phrase, prevalent in the physics literature, generalizing
one made earlier about D6-branes and locally-free sheaves:
In physics, one often hears about “a stack ofN D-branes wrapping a holomorphic cycle Z ⊆X .”
Mathematically, this corresponds to a rankN holomorphic vector bundle on Z.
Let us introduce now a few of the familiar coherent sheaves one might encounter on a Calabi-Yau threefold X . It has
been previously observed that D6-branes correspond to locally-free sheaves. In non-zero codimension, D4, D2, and
D0-branes correspond to torsion sheaves. A torsion sheaf is a coherent sheaf F of rank zero, which is encoded into
the Mukai vector as v0 = 0, or equivalently into the D-brane charges as Q3 = 0.
Let Z be a holomorphic subvariety of X . This gives rise to a short exact sequence
0→IZ →OX → OZ → 0, (25)
where OZ is the structure sheaf on Z and IZ is called an ideal sheaf. In algebraic geometry, an ideal sheaf on X is a
rank one torsion-free sheaf IZ with trivial determinant. There is necessarily an injective sheaf morphism IZ → OX
and the cokernel defines a subscheme Z ⊆ X along with the short exact sequence above. If Z is a divisor, then IZ is
actually a line bundle, andOZ is an example of a D4-brane. If Z is supported only on curves and points, then OZ indeed
corresponds to D2 or D0-branes, as expected. However, in that case IZ is a rank one torsion-free sheaf which is not
locally-free.
Ideal sheaves have no immediate interpretation as D-branes. However, notice that because the Chern character is
additive on short exact sequences, applying Q to (25), the D-brane charges are seen to satisfy
Q(OX) = Q(IZ)+Q(OZ), (26)
which looks like a manifestation of charge conservation. This is perhaps hinting that an ideal sheaf may have an inter-
pretation as a bound-state of a brane (OX ) and a suitably defined anti-brane (OZ) coupled via a map OX →OZ .
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2.2 Summary and Outlook
Roughly speaking, one may think of the category of coherent sheaves Coh(X) as containing all of the locally-free
sheaves on X , plus all of the ideal sheaves, structure sheaves, and pushforwards of sheaves arising from holomorphic
vector bundles on subvarieties. Thus, if we want to expand beyond the world of vector bundles, considering the coherent
sheaves is the most natural first step. We hope to argue that the derived category DbCoh(X) will be large enough to
contain all B-model D-branes. In the following section wewill introduce some of the machinery of homological algebra
and sheaf cohomology. There are at least two indications so far that such machinery should be important.
Recall that we have only done one computation in this section: in the case of two D6-branes, we computed the
spectrum of open string states stretching between the branes. Here we used that D6-branes correspond to vector bundles
E1 → X and E2 → X , and since they share a common base space, the group of morphisms Hom(E1,E2) was well-
defined. But in higher codimension, branes need not intersect, and certainly will not be given simply by a locally-free
sheaf. For example, we can have a brane supported on a divisor, and another supported on a curve with open strings
stretching between. Or we can have a stack of N D0-branes supporting open string endpoints. In this setting, it is natural
to expect the Ext Groups to encode the open string spectra, as they are a natural generalization of bundle morphisms.
In addition, the ideal sheaf short exact sequencewe encountered is perhaps hinting that we should consider complexes
of coherent sheaves. We saw that the application of the D-brane charge Q to such a short exact sequence seems to
encode a charge conservation. The physical BRST formalism provides a natural grading by the ghost number, so we
can consider a D-brane as a direct sum, graded by the ghost number. Turning on VEVs for a tachyon field, will deform
this direct sum to a genuine complex. The secondmotivation to consider complexes, comes from the general philosophy
of resolutions. It’s often beneficial to replace an arbitrary element of a category by a tower of “pleasant” objects. In
other words, you have resolved the object by a complex of nice objects. The coherent sheaves we find to be particularly
pleasant are the locally-free sheaves associated to space-filling branes. Given a coherent sheaf which is not locally-free
(coming from a D0-, D2-, or D4-brane) we can find a locally-free resolution.
Once in the category of complexes of coherent sheaves, the glaring question is, are there physical reasons to identify
complexes up to homotopy and quasi-isomorphism? Remarkably, the answer is conjecturally, yes. Identifying homo-
topic maps between D-branes will be natural from the BRST formalism.We will interpret quasi-isomorphic complexes
to be in the same “universality class” of Renormalization Group flow on the worldsheet. Moreover, we can realize this
flow as brane/anti-brane annihilation via a non-zero tachyon VEV.
3 Sheaf Cohomology, Derived Functors, and Ext Groups
We begin with a few remarks pertaining to the global sections of a sheaf. We assume the reader is familiar with Cˇech
cohomology.
Remark 1 Given a sheaf F on X , the zeroth Cˇech cohomology group computes the global sections,
Γ (X ,F ) ≃ Hˇ0(X ,F ).
Remark 2 Given an OX -module F , the global sections of F correspond to morphisms OX →F ,
Γ (X ,F )≃ Hom(OX ,F ).
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We should also record the familiar isomorphism between Cˇech cohomology and Dolbeault cohomology.
Remark 3 Let Ω p be the sheaf of holomorphic p-forms on X . The Cˇech-Dolbeault isomorphism states that
H
p,q
∂¯
(X)≃ Hˇq(X ,Ω p). (27)
More generally, we can let E be a holomorphic vector bundle on X , with corresponding locally-free sheaf E . The
generalized Cˇech-Dolbeault isomorphism relates (p,q)-forms valued in E to the sheaf E ⊗Ω p
H
p,q
∂¯
(X ,E)≃ Hˇq(X ,E ⊗Ω p). (28)
One important idea will be that of resolutions. The general philosophy of resolutions is that given an arbitrary object
A in some category, it might be preferable to replace A by a tower of especially pleasant objects in the category. One
often speaks of injective, projective, flasque/flabby, or free resolutions. These focus our attention on especially nice, or
rigid objects in the category. This provides a way of defining derived functors which can be evaluated at such arbitrary
objects A. This can be done in some generality in the category of R-modules over a ring R. However, we will focus
on the category of OX -modules. In this category, using resolutions to define derived functors will immediately give
a definition of sheaf cohomology. This sheaf cohomology is extremely abstract, so is not terribly helpful in explicit
computations, but it agrees with Cˇech cohomology, and will allow for the definition of the Ext groups.
Given an injective resolution of some object A,
0 −−−−→ A −−−−→ I0 −−−−→ I1 −−−−→ . . . (29)
and a left-exact functor F , we get a complex
0 −−−−→ F(I0) −−−−→ F(I1) −−−−→ F(I2) −−−−→ . . . (30)
We define the nth right derived functor of F at A, denoted RnF(A), to be the nth cohomology of the above sequence.
From here on, we will restrict attention to the category of OX -modules, with the primary left-exact functor of interest
being Hom(OX ,−). By an earlier remark, we may also refer to Hom(OX ,−) as the global section functor since acting
on any sheaf results in the group of global sections. We arrive finally at the important definition of sheaf cohomology
Definition 4 We define sheaf cohomology for OX -modules to be the right derived functor of the left-exact global sec-
tions functor Hom(OX ,−). Given an OX -module F , then the nth sheaf cohomology group of F is
Hn(X ,F ) = RnHom(OX ,−)(F ). (31)
The most pressing point to be made after a definition using derived functors, is that the result is independent of the
particular resolution we chose. Resolutions of a given object are generally far from unique, and it would clearly be
problematic if we got a different result for sheaf cohomology depending on which resolution we chose; this is not the
case.
Remark 4 The 0th sheaf cohomology group computes the global sections of the sheaf. In particular, it agrees with
Cˇech cohomology.
Proof. The proof here is very straightforward. In general for a right derived functor, we have R0F(A) = F(A), since
the functor F is left-exact. Using this, we compute
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H0(X ,F ) = R0Hom(OX ,−)(F ) = Hom(OX ,F ) = F (X) (32)
The definition of sheaf cohomology using derived functors is quite abstract. In fact, it’s so abstract, that it’s essentially
immune to computations. However, this same abstraction makes it incredibly elegant to use in theory building. When
needed for actual computations, the best approach is to prove that it is isomorphic to something like Cˇech cohomology
which is far more computable.
Theorem 1 Given an OX -module F , the Cˇech and sheaf cohomologies are isomorphic,
Hn(X ,F )≃ Hˇn(X ,F ). (33)
Proof. I refer the reader to Theorem 4.5 in [6].
We have defined sheaf cohomology for arbitrary OX -modules, however we can simply restrict attention to the coherent
sheaves if we like. The reason being, the coherent sheaves are a full subcategory, meaning the morphisms are the same
in the subcategory, as they are in the original category. In fact, in applications to D-branes, we will usually regard the
locally-free sheaves as the particularly nice objects within the category of coherent sheaves. Thus we’ll want to take an
arbitrary coherent sheaf, and resolve it using a tower of locally-free sheaves. First, we must introduce the Ext groups.
Definition 5 Let E be anOX -module. The functorHom(E ,−) is left-exact, so wemay consider its right derived functor
evaluated at an OX -module F . This allows for the following definition of the Ext groups,
Extn(E ,F ) = RnHom(E ,−)(F ). (34)
There are a few simple examples where the Ext groups correspond to familiar quantities:
Ext0(E ,F ) = R0Hom(E ,−)(F ) = Hom(E ,F ), (35)
and
Extn(OX ,F ) = R
nHom(OX ,−)(F ) = Hn(X ,F ). (36)
Thus, we see that Ext groups at least encode abelian groups of sheaf morphisms and sheaf cohomology groups. In
addition, we have the following useful result, known as Serre duality.
Theorem 2 In the case where X is a Calabi-Yau m-fold, for all n = 0, . . . ,m
Extn(E ,F )≃ Extm−n(F ,E ). (37)
Consider two holomorphic vector bundles E and F on X , with corresponding locally-free sheaves E and F . The
space of vector bundle morphisms Hom(E,F) is actually itself a vector bundle, with fiber defined by Hom(E,F)(x) =
Hom(E(x),F(x)), for all x ∈ X . Since Hom(E,F) is a holomorphic vector bundle, there exists a corresponding locally-
free sheaf which we denote as H om(E ,F ). It is very easy to get mixed up here with the notation, so we briefly
summarize,
Hom(E,F) = the holomorphic vector bundle of bundle morphisms
H om(E ,F ) = locally-free sheaf associated to Hom(E,F)
Hom(E ,F ) = abelian group of sheaf morphisms from E to F .
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Moreover, Hom(E ,F ) is actually the abelian group of global sections of H om(E ,F ). By the Cˇech-Dolbeault-Sheaf
isomorphism,
H
0,q
∂¯
(X ,Hom(E,F))∼= Hˇq(X ,H om(E ,F ))∼= Hq(X ,H om(E ,F )). (38)
Since R0Hom(OX ,−)(F ) = Hom(OX ,F ) gives the global sections of F , and Extq(OX ,F ) ∼= Hq(X ,F ), we can
conclude analogously that,
Extq(E ,F )∼= Hq(X ,H om(E ,F )) ∼= H0,q
∂¯
(X ,Hom(E,F)) (39)
With this, we have finally converted all complex geometry of D-branes into algebraic and sheaf-theoretic language. For
X a Calabi-Yau threefold, we conclude from (39) and (17),
Given two stacks of D6-branes in the B-model with associated locally-free sheaves E and F , the open strings
states stretching from E to F with ghost number q, are given by the abelian group Extq(E ,F ).
4 The Derived Category and Complexes of D-branes
For the time being, I would like to restrict attention to D6-branes modeled as locally-free sheaves, as opposed to more
general coherent sheaves. We saw above that given two stacks of D6-branes wrapping a Calabi-Yau threefold X with
corresponding holomorphic vector bundlesE and F , we can ask about the morphisms between them. These were shown
to be given by the Dolbeault cohomologyH
0,q
∂¯
(X ,Hom(E,F)) or equivalently, Extq(E ,F ). We identify eachmorphism
with a string state, and the ghost number or R-charge of the string corresponds to q. Mathematically, we can think of
this q as providing a natural Z-grading. Given a D-brane with holomorphic vector bundle E (or locally-free sheaf E ),
we can consider all strings attached to it as being graded by an integer. Thus, it seems natural to initially consider direct
sums of locally-free sheaves on X ,
E =
⊕
n∈Z
E
n. (40)
The above direct sum can trivially regarded as a complex with all maps being zero
E
• =
(
. . .
0−−−−→ E −1 0−−−−→ E 0 0−−−−→ E 1 0−−−−→ . . .). (41)
Simply put, we want to deform away from the trivial case of direct sums by turning on non-zero maps between the
E i in the above sequence. These non-zero maps will be called tachyons for reasons to be explained shortly. Once we
do this, the D-branes will correspond to elements in the category of complexes Kom(C ), where C is the category
of locally-free sheaves on X . However, physically, the string states correspond to elements in Q-cohomology, so we
need to identify all states differing by a Q-exact terms. Remarkably, this identification on the physics side, corresponds
precisely to identifying complexes up to homotopy in Kom(C ). This places the B-model D-branes in correspondence
with the homotopy category K(C ).
This correspondence is certainly elegant, but there is a fundamental problemhere.Most importantly, the homological
algebra described just above requires that the category be abelian. The category of locally-free sheaves is additive, but
not abelian. The resolution herewill be to extend our consideration to the category of coherent sheavesCoh(X), which is
an abelian category containing the category of locally-free sheaves C . This seemingly dangerous problem was actually
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hinting that we weren’t considering all of the branes that we need to. As we saw in an earlier section, the locally-free
sheaves cannot describe D4, D2, nor D0-branes; these require torsion sheaves. Thus, extending to coherent sheaves is
well-motivated both mathematically and physically.
Given the homotopy category KCoh(X) of coherent sheaves, it is tempting to identify quasi-isomorphisms and
arrive at the (bounded) derived category DbCoh(X). But is there any physical motivation for this? Indeed, we will
argue that two complexes which are quasi-isomorphic lie in the same universality class of the renormalization group
flow. In other words, one complex can be thought of as condensing to another [11]. This explains the use of the term
tachyon: in string theory, a tachyon is a particle which signifies an instability. This instability corresponds to the branes
in a complex annihilating each other.
4.1 Deformation of Complexes
Let us begin by considering a stack of D6-branes on a threefold X given by a holomorphic vector bundle E (with
associated sheaf E ), which decomposes as the direct sum
E =
⊕
n∈Z
E
n, (42)
where each E i is a locally-free sheaf on X . The open string states from E to itself, correspond to linear combinations of
elements in Ext∗(E ,E ). For all n, k the string states with ghost number q correspond to elements of Extk(E n,E n−k+q).
For example, when k = 1, the string with ghost number q = 1 correspond to elements in Ext1(E n,E n), which describe
deformations of the locally-free sheaf E associated to the vector bundle E . The more pressing case to consider is k = 0.
Here, the ghost number q = 1 strings are elements of Ext0(E n,E n+1) ≃ Hom(E n,E n+1). Let us define d = ∑dn ∈
Hom(E ,E ), where
dn ∈Hom(E n,E n+1). (43)
Thus, dn is a holomorphic map from E
n to E n+1. We can use d to deform the physical sigma model action
δS =
∮
∂Σ
(ψ i++ψ
i
−)∂id, (44)
and then prove that deforming the action by δS, requires a deformation of the BRST operator as well
Q = Q0+ d. (45)
We need to retain the nilpotence Q2 = 0 of the BRST operator, which leads to the constraint
{Q0,d}+ d2 = 0. (46)
The two terms above must individually vanish. The constraint {Q0,d} = 0 is merely the statement that d is a holo-
morphic map, recalling that in the B-model, the undeformed BRST operator is Q0 = ∂¯ . The condition d
2 = 0 can be
expanded in terms of successive maps, and we see that
dn+1dn = 0. (47)
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Thus, the nilpotence of the deformed BRST operator Q is translated into the conditions that each dn must be a holo-
morphic map, and the consecutive application of two successive maps must vanish. That is to say E is deformed into
the complex
E
• =
(
. . .
dn−1−−−−→ E n dn−−−−→ E n+1 dn+1−−−−→ E n+2 dn+2−−−−→ . . .) (48)
Consider now the slightly more general case of open strings stretching from a stack of D6-branes E
•
to another stack
of D6-branesF
•
. Let both E
•
and F
•
consist of a collection of objects (graded by ghost number) constituting a trivial
complex; namely, E
•
and F
•
decompose into direct sums. We deform the theory by turning on the differentials dE and
dF , yielding two non-trivial complexes. The deformed BRST operator can be shown to be
Q = Q0+ d
E − dF . (49)
Let f n : E n → F n be a collection of maps from the elements of the complex E •, to the complex F •. These should
be thought of intuitively as strings stretching from E n to F n. What are the conditions that the map of complexes f is
BRST invariant? We require
Q f n = Q0 f
n + f n+1dE − dF f n = 0. (50)
Like above, this factors into two independent constraints. First, we require Q0 f
n = 0 for all n. That is to say f n is a
holomorphic map, f n ∈Hom(E n,F n). The second condition is that f n+1dE = dF f n. This is precisely what it means
for f to define a morphism of complexes. Moreover, if two such maps f and f ′ differ by a Q-exact term,
f ′ = f +Qh, (51)
then we see that f and f ′ are homotopic morphisms of complexes. Therefore, quotienting by homotopy equivalence is
the mathematical manifestation of passing to Q-cohomology, which is well-motivated physically. In order that a map
f : E
• →F • be a genuine morphism of complexes, we require that f be BRST invariant (Q-closed) which is precisely
the physical notion of corresponding to an allowed open string state. Moreover, two such states f and f ′ are deemed
physically equivalent if and only if they differ by a Q-exact term, and this coincides with the definition of f and f ′ being
homotopic chain maps! We conclude that the homotopy category K(C ) naturally models stacks of D6-branes in the
B-model.
4.2 Renormalization Group (RG) Flow and Quasi-Isomorphisms
Given the homotopy category K(C ), it is clearly tempting to ask if there is any physical motivation to identify quasi-
isomorphisms, landing us once and for all in the derived category. I hope to outline the state-of-the-art conjecture that
D-branes in the B-model related by a quasi-isomorphism correspond to physical configurations related by worldsheet
renormalization group (RG) flow; in some loose sense, the branes and anti-branes at least partially annihilate.
Branes, Anti-Branes, and Tachyons
First, we introduce some terminology. Given a D-brane represented as a complex,
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E
• =
(
. . .
dn−1−−−−→ E n dn−−−−→ E n+1 dn+1−−−−→ E n+2 dn+2−−−−→ . . .) (52)
we consider the entries of the complex to be alternating branes and anti-branes, and we call the maps dn tachyons. In
string theory, a tachyon indicates an instability in a physical system. Indeed, here we mean that non-zero tachyons dn
lead to an instability of the configuration of D-branes. In the trivial case where all dn vanish, the system appears to be
in a stable state, but with non-zero tachyons, the configuration may flow via the renormalization group to a more stable
system.
In physics, two theories related by renormalization group flow are said to lie in the same universality class. The
conjecture here is that the physical universality classes correspond to the equivalence classes of quasi-isomorphisms. It’s
crucial to note that two theories in the same universality class, are not equivalent physical theories. RG flow represents
a flow in the “space of theories” to a completely different physical theory.
We seem to have argued that the category of D-branes in the B-model topological string is the bounded derived
categoryDb(C ) of locally-free sheaves on X . However, as mentioned earlier, the locally-free sheaves are not an abelian
category and this is not well-defined. The natural guess is to pass to the coherent sheaves which are essentially the
abelianization of the locally-free sheaves. Indeed, we have seen that a D-brane naı¨vely corresponds to a coherent sheaf,
making this extension reasonable. Therefore, the conjectural conclusion provided by [3, 2] is,
The category of D-branes in the B-model topological string are the Π -stable5 objects in the derived category
DbCoh(X) of coherent sheaves on a Calabi-Yau threefoldX . Quotienting by homotopy corresponds to
identifying states up to Q-exact terms. Quasi-isomorphism corresponds to worldsheet RG flow and
brane/anti-brane annihilation.
This is fundamentally built on the original conjecture of Kontsevich [1] relating homological algebra and mirror sym-
metry.
5 Examples
Example 1: Elementary Brane/Anti-Brane Annihilation
The following example is as simple as it gets, but it illustrates well all of the features of the discussion above. Consider
the following complex,
. . . −−−−→ 0 −−−−→ E c−−−−→ E −−−−→ 0 −−−−→ . . . (53)
where E can be any coherent sheaf supported on a subvariety Z of X . If the above map c is identically zero, then we
essentially have two copies of E which do not couple in any sense, and the complex decomposes into a direct sum
E ⊕E . This can be thought of as two stacks of D-branes wrapped on Z which do not interact. If, however, we turn on
the map c 6= 0, physically, we have added a VEV for a tachyon field, which indicates an unstable coupling between the
branes. The E on the left represents an anti-brane while the E on the right represents a brane. Intuitively, we physically
expect the branes to annihilate due to this instability. In other words, this sequence should be in the same universality
5 TheΠ -stability ofM. Douglas was introduced in [12], see also [13]. This was the physical precursor to Bridgeland stability on a triangulated
category [14].
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class as the zero complex. Indeed, in this case this sequence is quasi-isomorphic to its cohomology, which is simply
zero in every entry, for c 6= 0. And so the intuition is verified: the unstable configuration is quasi-isomorphic to the zero
complex, signifying brane/anti-brane annihilation.
Example 2: D4-Branes
Let Z ⊆ X be a codimension one complex subvariety of X , i.e. a divisor. This means Z is cut out by a section of a line
bundleO(−Z), which is given locally by the vanishing of a holomorphic function f . SinceO(−Z) consists simply of all
holomorphic functions vanishing identically on Z, it naturally injects into OX . The cokernel of this map O(−Z)→OX
is simply the structure sheaf of Z, denoted OZ . Thus, we have the following short exact sequence of sheaves,
0 −−−−→ O(−Z) f−−−−→ OX −−−−→ OZ −−−−→ 0. (54)
We can reinterpret this exact sequence. Let us define the complex (not exact sequence) E
•
,
E
• =
(
. . . −−−−→ 0 −−−−→ O(−Z) f−−−−→ OX −−−−→ 0 −−−−→ . . .
)
, (55)
where we take OX to be in the zeroth degree slot. It’s straightforward to compute the cohomology of this complex,
where we get zero in all degrees except H 0(E •) = OX/O(−Z) = OZ . Since we are working in codimension one,
O(−Z) is a locally-free sheaf, so we see that we have recovered the coherent sheafOZ as the cohomology of a complex
of locally-free sheaves. Thus, we can interpret the complex E
•
as consisting of a brane and an anti-brane annihilating to
yield simply OZ as the endpoint of renormalization group flow. It’s natural to consider OZ as associated to a D4-brane,
since it is supported on a four real dimensional manifold Z.
Interpreting this example in another light, we regardO(−Z)→OX as a locally-free resolution of the torsion coherent
sheaf OZ . Of course, the cohomology of a resolution coincides with the original object, itself. In this way, we can
imagine resolving any coherent sheaf supported on a complex subvariety by locally-free sheaves. This is what we
meant above, when we mentioned that coherent sheaves arise naturally from complexes of locally-free sheaves, under
RG flow.
Example 3: D0-Branes
Let us take X to be a Calabi-Yau threefold which we can study locally as C3 with coordinates (x,y,z). We define a map
O
⊕3
X
(xyz)−−−−→ OX , (56)
defined by taking a triple of holomorphic functions ( f1, f2, f3) to the holomorphic function x f1+ y f2+ z f3. Since the
cokernel of this map should be OX modulo the image of this map, we expect that a section of the cokernel must vanish
away from the origin in C3, but can take any complex value at the origin. Letting p denote the origin in C3, we see that
the cokernel of the above map is simply the skyscraper sheaf Op at p. Moreover, we naturally have a surjective map
OX →Op arising from evaluating a holomorphic function at p. Thus, the skyscraper sheaf Op is a coherent sheaf. We
have the exact sequence
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O
⊕3
X
(xyz)−−−−→ OX −−−−→ Op −−−−→ 0. (57)
Indeed, this map has a kernel, corresponding to the sheaf of all functions vanishing at p; this is the ideal sheaf of p.
Finally, this gives the short exact sequence
0 −−−−→ Ip −−−−→ OX −−−−→ Op −−−−→ 0. (58)
Just like in the previous example, we can define the complex E
•
,
E
• =
(
. . . −−−−→ 0 −−−−→ Ip −−−−→ OX −−−−→ 0 −−−−→ . . .
)
, (59)
and trivially compute the cohomology of the complex to vanish in all degrees except H 0(E •) = OX/Ip = Op. Once
again, we recover a general coherent sheaf as the cohomology of a complex of coherent sheaves. The only difference
here is that Ip is no longer a locally-free sheaf. Rather, it can be though of roughly as a trivial line bundle outside the
origin, where there is no fiber.
Example 4: Branes Wrapping Curves and Points
The setting most closely aligned with modern enumerative geometry and string theory consists of studying one-
dimensional sheaves on a Calabi-Yau threefold X . These are sheaves which have a complex one-dimensional support.
TheGromov-Witten,Donaldson-Thomas, andGopakumar-Vafa invariants often package themselves into partition func-
tions exhibiting remarkable properties, and uncovering surprising connections to subjects like modular forms, and rep-
resentation theory, to name just a few. As a final example, I would like to briefly outline the connection two of these
invariants have with the content of this article.
The Donaldson-Thomas invariants are a (virtual) count of subschemes Z ⊆ X supported on a fixed homology class
β ∈ H2(X ,Z). and whose structure sheaf OZ has a fixed holomorphic Euler characteristic. Such subschemes can be
supported on both curves and points. We therefore think of OZ as a bound state of D2-D0 branes. However, there is
necessarily a surjective map OX → OZ , with kernel IZ . Therefore, one often hears the Donaldson-Thomas invariants
described as enumerating bound states of D2-D0 (anti) branes within a single D6-brane.
TheGopakumar-Vafa invariants are integers which count BPS states of D2-branes wrapped on curves in X . Given a
class β ∈ H2(X ,Z) we can consider the moduli space M (0,0,β ,1) of pure one-dimensional sheaves F supported on
class β with D-brane chargeQ(F ) = (0,0,β ,1). Recently, a proposal emerged [15] for extracting the Gopakumar-Vafa
invariants from M (0,0,β ,1) consistent with their known relation to Gromov-Witten theory.
Due to the combined shortness of my talk, and immense breadth of this subject, I necessarily had to omit certain
important topics and examples. Particularly, some explicit computations of open string states as Ext groups. These
are covered excellently in [2, 3] to which I refer the reader. In particular, [2] contains quite a few very enlightening
examples. Another topic I had to omit is spectral sequences; a great discussion can be found in [3].
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